Using Caputo fractional derivative of order α we build the fractional jet bundle of order α and its main geometrical structures. Defined on that bundle, some fractional dynamical systems with applications to economics are studied.
Introduction
Fractional integration and fractional differentiation are generalizations of the notions of integer-order integration and differentiation, and include n-th derivatives and n-fold integrals as a particular case (n denotes an integer number). Fractional calculus has been used successfully in various fields of science and engineering. These applications include classical and quantum mechanics, field theory, optimal control and economics. In the past few decades many authors [6] , [8] , [10] have pointed out that fractional-order models are more appropriate than integer-order models for the description of memory and hereditary properties of various processes. This is the main advantage of fractional derivatives in comparison with classical integer-order models in which such effects are, in fact, neglected. For example, the advantages of fractional derivatives become apparent in modeling mechanical and electrical properties of real materials, as well as in the description of rheological properties of rocks (see [2] , [6] ). Also, in economics, fractional calculus has been used for deriving an analytical model of the tax version of the Fisher equation that incorporates a memory function for stock prices and inflation rates (see [4] ).
The problems have been formulated mostly in terms of two types of fractional derivatives, namely Riemann-Liouville (RL) and Caputo [2] , [9] . Among mathematicians, RL fractional derivatives have been popular largely because they are amenable to many mathematical manipulations. However, the RL derivative of a constant is not zero, and in many applications it requires fractional initial conditions which are generally not specified. In contrast, Caputo derivative of a constant is zero, and a fractional differential equation defined in terms of Caputo derivatives require standard boundary conditions. For these reasons, Caputo fractional derivatives have been popular among engineers and scientists.
A simple and really geometric interpretation of several types of fractionalorder integration is given in [9] . Based on this, a physical interpretation of the Riemann-Liouville fractional integration is proposed in terms of inhomogeneous and changing (nonstatic, dynamic) time scale, and it is shown that the Caputo fractional derivative has the same physical interpretation as the Riemann-Liouville fractional derivative.
In this paper, using Caputo fractional derivative, the fractional jet fibre bundle is built on a differentiable manifold and its main geometric structures are emphasized. Some significant examples from economics are presented. In section 2, some useful properties of the Caputo fractional derivative are recalled and the fractional osculator bundle of order k is described. In section 3, the fractional jet fibre bundle is defined and the fractional Euler-Lagrange equations together with the fractional Hamilton equations are established. In section 4 two fractional economic models are studied.
2 The fractional osculator bundle of order k on a differentiable manifold 2.1 Caputo fractional derivative of order α
where
ds m x(s) and Γ is the gamma function of Euler. The following properties result from (1) (see [3] ).
6.
b a
Higher-order fractional osculator bundle
Let α ∈ (0, 1) be fixed and M a differentiable manifold of dimension n. Two curves c 1 , c 2 :
where a = 1, k and D
The set of equivalence classes defined by (3) is called the k -osculator fractional space at M in x 0 and it will be denoted by Osc
where i = 1, n, a = 1, k and
, the fractional derivative of order α, α ∈ (0, 1), with respect to the variable x i is defined by
, n, are the coordinate functions on U and ∂ ∂x i , i = 1, n, is the canonical base of the vector fields on U .
Using the fractional exterior differential
where (x j ) α ∈ F(U ) and D 1 (U ) is the module of the differential 1-forms on U with the canonical base {dx i }, i = 1, n, we get [3]
Proposition 1. (a) With respect to the transformation of coordinatesx
where a = 2, k and (
3 The fractional jet bundle on a differentiable manifold. Geometrical objects
The fractional jet bundle
The fractional jet bundle of order α on the manifold M is the space 
The following relations hold:
The module generated by the operators
). For α → 1 this module represents the module of the vector fields defined on π
. From Proposition 1, we obtain the transformations of coordinates
Geometrical objects on J α (R, M)
On the manifold J α (R, M ), the following canonical structures may be defined:
From (8) and from Proposition 1, it follows that the structures (9) have geometrical character.
The vector field
In local coordinates, (FVF ) is given by
The integral curves of (FVF ) are the solutions of the fractional differential equations (FDE )
The system (12), with given initial conditions, admits solution [5] . Let L ∈ C ∞ (J α (R, M )) be a fractional Lagrange function. By definition, the Cartan fractional 1-form is the 1-form
The
where d α is the fractional exterior differential
In the chart (π
Proposition 3. If the fractional Lagrange function is regular i.e., det
The fractional Euler-Lagrange equations
Let c ε : t ∈ [0, 1] → (x i (t, ε)) ∈ M be a family of curves, with ε sufficiently small in absolute value so that
Using the properties of the Caputo fractional derivative (subsection 2.1), it results 
Proposition 4. (a) If the action (20) reaches a fractional extremal value then a necessary condition is that c(t) satisfies the fractional Euler-Lagrange equations
where the local coordinates on
4 Economic models described by fractional differential equations
The fractional model of Liviatan-Samuelson
Let us consider the fractional Lagrange function L ∈ F(J α (R, M )) given by
where E α is the Mittag-Leffler function, E α (t) = 
is of the form
where U is the utility (welfare) function and c = g(x) − y (α) is the consumption function, then the fractional Euler-Lagrange equation is
then the fractional Euler-Lagrange equation is
If a 1 = a 3 = 1 2 , a 2 = a and α → 1, then the function L 1 and the equation (32) become
The equation (33) represents the classic model of Samuelson [7] .
Fractional economic models with restrictions
Let us consider the Lagrange function L ∈ C ∞ (J α (R, M )) and the function
, are given by the fractional Euler-Lagrange equations of the fractional Lagrange function
where λ(t) is a Lagrange multiplier. From Proposition 4, we obtain 
for i = 1, n.
The fractional model of investments with restriction is described by the function L 1 (K, I, N ) where K(t) = x 1 (t), I(t) = x 2 (t), N (t) = x 3 (t) represent the capital stock, the investment and the labor, respectively. The restriction is given by F (K (α) , K, I, N ) = φ(K, I, N ) − K (α) = 0, K (α) = D α t K. From (36) we obtain the fractional Euler-Lagrange equations
If L 1 and φ satisfy the relations
from (37) we get
For α → 1 the classic model of investments [7] is obtained.
